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Abstract 
Dichi, H., Strongly AP filtrations. integral dependence and priiferian equivalence in Dedekind 
domains. Journal of Pure and Applied Algebra 85 (1993) 219-232. 
The preorder relation of domination between filtrations on a ring A is introduced. It is shown 
that for strongly AP tiltrationsfand g on a noetherian ring A. g is integral overfif and only if g 
is dominated by f’ and that, in this case, the notions of P-equivalence (rcsp. of valuative and 
asymptotic equivalence) arc the same. The particular case of filtrations on a Nagata domain is 
studied. 
The existence of the Samuel number G,(g) is proved in a C-ring iffor g is an AP filtration 
and several characterizations of the integral (resp. strongly integral) dcpendencc are given in a 
Dedekind domain A. 
1. Introduction 
Throughout this paper A will denote a commutative ring with unit element. For 
two filtrations f and g on the ring A, we said that g is integral over f if g 5 P(f) 
where P(f) is the priiferian closure off. The notion of integral dependence and 
also that of strongly integral dependence over a filtration (see [3]) is one of many 
generalizations of the concept of reduction of an ideal J which was introduced in 
[7] (see [5] and [9] f or other generalizations of this concept). Many characteriza- 
tions concerned with the integral dependence between filtrations, the reduction of 
ideals, the pseudo-valuations and multiplicities of filtrations are given in [3]. 
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We are interested to bring out the relationship with the above concepts and the 
domination relation between filtrations, a filtration g being dominated by a 
filtration f’ if t,,, g 5 f for some integer m 2 0 where t,,, g is the truncated filtration of 
rank m of g (see Definition 3.1). Remark that in the case of integral dependence 
and that of domination relation, the filtrations f and g are not necessarily 
comparable by the order relation 5 on the set F(A) of filtrations on the ring A. 
In Section 2, we give some well-known relations between filtrations, pseudo- 
valuations and multiplicities that are needed later and we bring to mind three 
propositions given in [3] concerning the integral dependence. 
In Section 3, several examples and results are given to compare the domination 
relation with the integral dependence on F(A). We prove in particular the 
following: 
3.9. Theorem. Letf’and g be two strongly APfiltrations on the noetherian ring A. 
Then the following statements are equivalent: 
(i) g is dominated by f. 
(ii) g is integral over f. 
Furthermore, if A is a Nag&u domain, the above statements are equivalent 
without the hypothesis ‘g strongly AP’. 
3.13. Corollary. Let f and g be two strongly AP.filtrations on the noetherian ring 
A. Then the following statements are equivalent: 
(i) f and g are P-equivalent. 
(ii) f und g are valuutively equivalent. 
(iii) f and g are asymptotically equivalent. 
In Section 4, we study the relationship between the integral dependence (resp. 
the strongly integral dependence) of filtrations on a C-ring (see Definition 4.1), 
and the multiplicities and the generalized Samuel number tY,.( g) associated to the 
filtrations f‘ and g. In particular, if A is a Dedekind domain, we have the 
following: 
4.11. Theorem. Let fund g be nontrivialjiltrations on a Dedekind domain A such 
that f 5 g. Suppose that f is strongly AP with rank r 2 1. Then the following 
statements are equivalent: 
(i) g is integral over f. 
(ii) g is strongly integral over f. 
(iii) f ‘I) zz g”‘. 
(iv) There exists an integer k 2 1 such that f (” = g’“‘. 
(v) g is dominated by f. 
(vi) t,gsf Sg. 
(vii) f und g have the same multiplicity. 
(viii) tT,( g) = 1. 
Furthermore, if the above properties hold, then g is also strongly AP. 
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2. Filtrations. Rees rings, multiplicities and pseudo-valuations associated with a 
filtration 
We begin by giving the definitions of the basic terms used in this paper. 
2.1. Definitions. Let A be a commutative ring with unit element. 
(1) A jiltration on the ring A is a sequence f= (I,,) of ideals such that Z,, = A, 
I ,, + , C Z,, and 5, Z,,, C Z,, +,,, for all n,m 20. The set F(A) of all filtrations on A is 
ordered by f= (I,,) 5 g = (J,,) if I,, c J,, for all II 2 0. The sum of the filtrations 
f= (I,,) and g = (J,,) is f + g = (caEo Z,JJ,zm,j),,z,,. For any integer r 20 and any 
f= (Z,,) E F(A), f “I is the filtration (I,,,). 
(2) A filtration f= (I,,) on the ring A is said to be upproximatable by powers 
and is called an AP filtration in case there exists a sequence of positive integers 
(k,,) such that I, ,,,, 1 C 1:: for all m,n and k,,ln + 1 as II + x. 
(3) Let Z be an ideal of A. The I-udic filtration is the filtration f, = (I”). A 
filtration f = (I,,) is said to be strongly A P with rank r 2 I if f(I) = f,, , so I,,, = Z: 
for all n 2 0. 
(4) Let f’= (I,,) E F(A) and let m be an integer 20. Put t,,, f = (K,,) where 
K,, = 5, + ,,, if n 2 1. t,,, f is a filtration on A which is called the truncatedfiltration of 
rank m off. We easily see that f is AP if and only if t,,, f is AP. 
(5) The Rees ring associated with the filtration f = (I,,) of A is the ring 
R(A, f) = L,, Z,,X” where X is an indeterminate. If R(A, f) is a noetherian 
ring, f is said to be a noetheriun filtration; this implies in particular that A is a 
noetherian ring. In [2] and [lo], it has been shown that in a noetherian ring A, 
f = (I,,) is a noetherian filtration if and only if there exists an integer k 2 1 such 
that Z,_k = Z,Z, for all j 2 k. It follows in particular that any noetherian filtration is 
strongly AP (see [4, 2.1(g)] f or an implication diagram between the above types 
of filtrations). 
(6) If f = (I,,) E F(A), then fl = fl for all n 2 1. This value is denoted by 
$f. The coheight off: denoted coht f, is the Krull dimension of the ring Alflf. 
The altitude off; denoted ah f, is the supremum of the heights of minimal prime 
ideals over $f. If coht f’= 0 and alt f = s on a noetherian ring A, the multiplicity 
off is defined by the formula e,(A) = lim,,_, (s! in’). [(Ail,,) where /(A /I,,) is the 
length of the module Ail,,, provided this limit exists (see [2] for the existence of 
e,(A)). If f’=f, is the I-adic filtration, we put e,(A) = e,,(A). 
(7) A pseudo-valuation on the ring A is a mapping u : A* [w, U {x} such that 
(i) u(O) = x, u(l) = 0, 
(ii) u(x - y) 2 min(u(x), u(y)), 
(iii) u(xy) 2 u(x) + u(y), for all x,y E A; 
here R, is the set of non-negative real numbers. 
With any filtration f= (Z,) E F(A), we associate the pseudo-valuation ur such 
that ur(x) = sup{n: x E I,} for all x E A. The homogeneous pseudo-valuation 
associated with ur is the pseudo-valuation uf. defined by rYf(x) = lim,,,, u,(x”)In 
[7, Proposition 11.11. We have uf 2 uf. 
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If J is an ideal on A and f= (I,,), g = (J,,) are two filtrations, we put 
Us = sup{n: J c I,,} and U1( g) = lim,,,, u,(J,,)ln if this limit exists in [w, U {a) 
(see [l] for properties of u/(g)). We see easily that uf (J) = infoE., ur(a) for any 
filtration f. Furthermore, if f, is the J-adic filtration, we put U,(J) = U,(f,). We 
have U,(J) 2 v/(J) for any ideal J. If u/(g) exists, we can prove easily that 
iYJ g) = U,,,,r( g) = ur(t,,,g) for any integer m 2 0. 
(8) An element x E A is said to be integral overf= (I,,) E F(A) if x satisfies an 
equation x”’ + a,~“‘~’ + . . . + u,x”‘-’ + . . . + a,,, = 0 where a, E I, for all j. We put 
Pk( f) = {x E A: x is integral over f’“‘}. P,(f) is the ideal of elements x E A such 
that x”’ + a,,~“‘~ ’ + . . . + up?- + . . . + a,,, = 0 for some integer m 2 1 where 
a, E Ih, for all j. The filtration P(f) = (P,,(f)) ‘> IE called the pruferian closure off. 
(9) Let f = (I,,) and g = (I,,) be two filtrations of A. g is said to be integral over 
fif gs P(f), that is, J,, c P,,(f) f or all ~12 1. An ideal J is said to be integral over 
f if fi is integral over 5 Furthermore, if J is integral over fon the noctherian ring 
A and if f, sfJ, then I is a reduction of 1, that is, there exists an integer m 2 1 
such that J”‘+ ’ = ]“‘I [8]. 
The filtration g is said to be strop?gly integra/ over f if f I g and if the Rees ring 
of g, R(A, g). is a finite algebra over the Rees ring off, R(A, f). It is proved in 
[3] that if f and g are two filtrations such that f 5 g and if g is strongly integral 
over f, then g is integral over f; furthermore, the converse is true if g is a 
noetherian filtration with f‘s g. 
To facilitate the reading of this paper, we give the following results proved in 
[3] which we will often USC. 
2.2. (Propositions 3.3 and 4.7 in [3].) Let f and g be two filtrations on the 
noetherian ring A such that f is II strong/y A P>ftrution. Then g is integral over f if 
and only if U, 5 U,.. 
2.3. (Proposition 4.2 in [3].) Let f und g be two filtrations on the ring A. Then the 
following stutements are equivalent: 
(i) g is integral over f. 
(ii) For all k 2 1, the filtration g’“’ is integral over fCh). 
(iii) There exists k 2 1 .such that g’“) is integral over f”‘. 
2.4. The following result is a part of [3, Corollary 4.3]. 
Let f = (I,,) and g = (J,,) be two filtrations on the ring A such that g is strongly 
AP with rank r 2 1. Then g is integral over f if und only if the ideal Jr is integral 
over the filtration f (“. 
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dependence for strongly 
3.1. Definition. Let f and g be two filtrations on the ring A. We say that g is 
dominated by f if t,,,g sf for some integer m 2 0. 
The set F(A) of filtrations on the ring A with the relation of domination is a 
preordered set. 
3.2. Definitions. Let f and g be two filtrations on the ring A. The filtrations f and 
g are said to be 
(i) P-equivalent (P for Priifer) if P(f) = P(g), 
(ii) valuatively equivalent if f is dominated by g and if g is dominated by f, 
(iii) asymptotically equivalent if 6, = U,. 
3.3. Remarks. (1) It follows from Definition 3.1 that g is dominated by f if and 
only if there exists an integer m 2 0 such that U,?(X) 5 u,(x) + m, for all x E A. In 
particular, if g is dominated by f, we have @ c<f and $(x) 5 U,(x) for all 
xEA. 
(2) In the same way, S and g are valuatively equivalent if and only if there 
exists an integer m 2 0 such that u,(x) - m 5 U,.(X) 5 u,~(x) + m, for all x E A. So, 
two filtrations which are valuatively equivalent have the same radical and the 
same homogeneous pseudo-valuation. 
(3) It results from the relation ti( = Up(,) (see [4, l.l(ll) and 2.2(3)]) and from 
Remark 3.3(2) that (i)+(ii)+ (iii) in Definition 3.2. 
We shall show in Corollary 3.13 that for strongly AP filtrations, the statements 
(i), (ii) and (“‘) 111 m Definition 3.2 are equivalent. 
First, we give some transfer properties of the AP (resp. strongly AP) condition 
between two filtrations f 5 g where g is dominated by f. We show in the same way 
[4, Proposition 3.81 the following result. 
3.4. Proposition. Let f and g be two filtrations on the ring A such that f 5 g and 
such that g is dominated by f. Then f is AP if and oniy if g is A P. 0 
There is not an analogous transfer property for the strongly AP filtrations (see 
Remark 3.6(l)); however, we shall see in Remark 3.10(2) that if f and g are two 
filtrations in a noetherian ring A such that f 5 g and if g is dominated by f, then g 
is strongly AP if f is strongly AP. 
3.5. Proposition. Let f and g be two filtrations on the noetherian ring A. Suppose 
that g is dominated by f and that f is a strongly AP filtration. Then g is integral over 
f. 
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Proof. By Remark 3.3(l), we have U,(X) 5 U/(X) for all x E A, so the assertion 
results from 2.2. 0 
3.6. Remarks. (1) We cannot omit the hypothesis ‘f is strongly AP’ in Proposi- 
tion 3.5, as shown by the following example. Let A = k[X], where k is a field and 
X is an indeterminate. Let I be the ideal generated by X andf’= (I,,), g = (J,,) be 
two filtrations on A such that I,, = I”” and J,, = I” for all integers n 2 1. It is easy 
to show that j’is an AP filtration and that g is a strongly AP filtration which is 
dominated by f, but g is not integral over f: 
(2) We may ask whether the hypothesis ‘f is a strongly AP filtration and g is a 
filtration integral over ,f’ implies that g is dominated by .f. This last implication is 
not true; it suffices to consider a proper nilpotent ideal I in a ring A with f = A,,, 
and g = (J,,), where J,, = I for all n 2 1. 
3.7. Proposition. Let f’ and g be two filtrations on the ring A. Then the following 
statements are equivalent: 
(i) g is dominated by f. 
(ii) For any integer m 2 1, the filtration g’“” is dominated by f ““‘. 
(iii) There exists an integer k 2 1 such that g”“ is dominated by f “). 
Proof. (i) + (ii) By hypothesis, there exists an integer a 2 0 such that u,~(x) 5 
u,(x) + a for all x E A. It is enough to consider the case u,(x) <x because 
U,(X) = = is equivalent to saying that u, ,,tz,(x) = x for any integer m P 1. Put 
u,(x) = p 2 0. Let s be the integer such that ms 5 p < m(s + l), so u,~,,~~(x) = s. By 
the division algorithm, we put a = tm + r where 0 5 r < m. Then, we have 
u,(x) < m(t + s + 1) + r for all x E A, and u,~(,~,,(x) <s + t + 1 = u,,,,~,(x) + t + 1. It 
follows that g”“’ is dominated by f (“I). 
(ii)+(iii) It is clear. 
(iii)+(i) Suppose that g’/“ is dominated by f’“’ and let x E A such that 
UTERI = t 2 0. There exists by definition an integer a P 2 such that u,?(i,(x) 5 
u~(~J(x) + a for all x E A. If f = (I,,) and g = (I,,), then x@.I~(,+~,+,) because 
u,,~(x) 5 t + a, so U,(X) 5 k(t + a + 1) - 1. Similarly, since u,,i,(x) = t, we have 
x E I,, and x@I(,+ ,jk, so tk 5 u!(x). It follows that u<(x) 5 u,(x) + k(a + 1) ~ 1 
and g is dominated by f: 0 
3.8. Corollary. Let f = (I,,) and g = (J,,) be two filtrations on the ring A. Then, g 
is dominated by f if and only if there exists an integer k 2 1 such that JkC,,+, j G I,,, 
for all n 2 0. 
Proof. Suppose that g is dominated by f and let a be an integer such that 
u,(x) 5 u,(x) + a for all x E A. Let k be an integer with k > a. So, it is easy to see 
as (i) 3 (ii) in Proposition 3.7 that U,~CU(X) 5 u,~~~(x) + 1, that is t,g(l’) 5 f (‘) and 
J. xC,, +,) G Zk,, for all n 2 0. Conversely, if k is an integer 2 1 such that JAC,I +,) C I,,, , 
we have t,g’“’ zf”“’ and g is dominated by f from Proposition 3.7. 0 
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3.9. Theorem. Let f and g be two strongly APjiltrations on the noetherian ring A. 
Then the following statements are equivalent: 
(i) g is dominated by f. 
(ii) g is integral over f. 
Furthermore, if A is a Nagata domain, the above statements are equivalent 
without the hypothesis ‘g strongly AP’. 
Proof. (i) 3 (ii) This follows from Proposition 3.5. To prove (ii) + (i), let r be an 
integer 2 1 such that j’(r) = f, and g”’ = f,. Since g is integral over f, it results from 
2.4 that the ideal J is integral over f,. In particular, the ideal I is a reduction of the 
ideal I + J and there exists an integer N 2 1 such that (I + J)N+,r = Z”(Z + .Z)“, for 
all n 2 1. Then JN+” c I” for all n 2 1 and t,g(‘) 5 f(I). So it results from 
Proposition 3.7 that g is dominated by f. 
Suppose now that A is a Nagata domain and let K be the quotient field of A. 
Let f and g be two filtrations on A where f is strongly AP and g is integral over f. 
First, if f = fco, and if g is integral over f, then g = fco, and (ii) j (i). So, suppose 
that f=(Z,), f +g=(J,) and ff.(,,), and consider the Rees rings R( f, A) = 
En>” Z,,X” and Z?( f + g, A) = En>,, .Z,,X”. f being a strongly AP filtration, it 
follows from [3, Proposition 4.91 that f is a noetherian filtration, so R( f, A) is a 
finite algebra over the Nagata ring A and R( f, A) is also a Nagata ring. 
Furthermore, since g is integral over f, the ring R( f + g, A) is integral over the 
ring R( f, A) and Z?( f + g, A) and R( f, A) h ave the same quotient field. We have 
R(f, A) C R(f + g, A) C R’ where R’ is the integral closure of the Nagata 
domain R( f, A), so R’ is a finite algebra over R( f, A). Accordingly, R( f + g, A) 
is a noetherian ring because it is a submodule of the noetherian R( f, A)-module 
R’. Then f + g is a noetherian filtration and f + g is strongly AP by Definition 
2.1(5). Then, it follows from the first part of the proof that f + g is dominated by 
f, hence g is dominated by f. 0 
3.10. Remarks. (1) Let f be a strongly AP filtration on the Nagata ring A. Then, 
without the hypothesis ‘A is an integral domain’, the implication ‘g integral over 
f+ g is dominated by f’ is false, as shown in the following example. Let p be a 
prime integer 22, A = LIp’L and Z = pA. Then A is a Nagata ring, and if f = f, 
and if g = (-5,) where .Z,, = Z for any n 2 1, the filtration g is integral over f and g is 
not dominated by f. 
(2) Let f I g be two filtrations on the noetherian ring A. Suppose that f is a 
noetherian filtration. It results easily from [9, Theorem 2.91 that if g is dominated 
by f, then g is strongly integral over f. So, if f 5 g are two filtrations on the 
noetherian ring A and if g is dominated by f, we have the following implications: 
(a) f noetherian =$ g noetherian, 
(b) f strongly AP + g strongly AP. 
(a) is an immediate consequence of (2) and of [3, Remark 3.1(4)], and (b) results 
from (a) because if g is strongly AP with rank r, g (I) is a noetherian filtration and 
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g”’ is dominated by f’l’ from Proposition 3.7, then f (I) is noetherian from (a), so f 
is strongly AP. 
3.11. Corollary. Let f and g be two filtrations on the Nagata domain A such that 
f 5 g. Suppose that f is strongly AP. Then the following statements are equivalent: 
(i) g is strongly integral over f. 
(ii) g is integral over f. 
(iii) g is dominated by f. 
Proof. (i) + (ii) This follows from Definition 2.1(9). 
(ii)+(iii) By Theorem 3.9. 
(iii) $ (i) Since f is a strongly AP filtration, it results from Proposition 3.5 that 
g is integral over f. Then, any strongly AP filtration on a Nagata domain is a 
noetherian filtration by [3, Proposition 4.91, so g is a noetherian filtration by 
Remark 3.10(2); hence g is strongly integral over f by Definition 2.1(9). 0 
3.12. Corollary. Let f = (I,,) E F(A) and let J be an ideal on the noetherian ring 
A. Suppose that f is a strongly AP filtration. Then J is integral over f if and only if 
there exists an integer m Z- 1 such that J”‘“’ C I,, for any n 2 1. 
Proof. It is an immediate consequence of Theorem 3.9 where g = f,. 0 
3.13. Corollary. Let f and g be two strongly A P filtrations on the noetherian ring 
A. Then the following statements are equivalent: 
(i) f and g are P-equivalent. 
(ii) f and g are valuatively equivalent. 
(iii) f and g are asymptotically equivalent. 
Proof. (i) @ (iii) follows from 2.2 and (i) e (ii) is a consequence of Theorem 
3.9. 0 
4. Integral dependence between filtrations on a Dedekind domain 
In this section we are interested in the generalized Samuel number Uf( g) 
introduced in [l]. We know that for any filtration f and any AP filtration g = (J,,), 
zY,.( g) exists and we have the relation G!(g) = lim,,,, u/(J,,) in [l, Proposition 2.61. 
Furthermore, if f = (I,,) and g = (J,,) are two filtrations on a ring A, it is proved in 
[l, Proposition 2.61 that the sequence C,(J,,)/n is convergent in iw, U(x). 
4.1. Definition. An integral domain A is called a C-ring if it satisfies the following 
conditions: 
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(i) C is a set of nonzero ideals of A and every nonzero principal ideal of A 
belongs to C. 
(ii) Every ideal in C can be written uniquely as product of prime ideals of A, 
except for the order in which the prime ideals are written. 
(iii) If Z,J E C with I c J, there exists K E C such that I = JK. 
Notation. The notation ‘~1s 0’ will mean ‘n large enough’. 
4.2. Proposition. Let A be a C-ring and f = (I,,), g = (J,,) be two filtrations on A. 
Suppose that either ‘g is A P’ or ‘f is AP and I,, E C for n + 0’. Then the generalized 
Samuel number U(g) exists and we have the formula z7,( g) = lim,,,Gf(J,,) In. 
Proof. The case where g is an AP filtration has been proved in [l] for any ring A. 
Suppose now that f is an AP filtration; then there exists a sequence (k,,,),,,,. of 
positive integers such that I,,,z,, G I:, for all m,n and lim,,,,, k,,,,,, = 1. It follows 
from Definitions 2.1(4) and 2.1(7) that we can assume that I,, E C for all integers 
n 2 1. Let a be an element of A such that ut(a) = m. Then m/(a) 5 uf(a”) for all 
n 2 0. Since I,,+, E C, there exists integers N,,P, 2 0 for i = 1,2, . . . , s and there 
exists prime ideals Q,, Q,, . . . , Q, such that I,,?+, = Qf'Q$' .. . Qf' and aA = 
Q;‘lQyl . . . Q;). It follows from the relation u,(a) = m that agZ,,,+, , and there 
exists an integer j E {l, 2, , s} such that b, > CY~. SO, n@, > na, and it follows 
from Definition 4.1 that a’A gZ::,+, Moreover, I,,,, , ,,1 C I::,+, . hence a” @Jk,,,+ ,,, 
and we have ~,(a”) 5 n/c,,,+, . We have shown that if u,(a) <m. we have the 
relations nu,(a) 5 u,(a”) 5 nkU,cc,j+, and taking limits as n+ x, we obtain uf(a) 5 
64a) 5 kIcc,)+ ,. Let J be an ideal on A, we know that uf(J) = inf,,, u[(a) from 
Definition 2.1(7). We can suppose that u,(J)<= because if u,.(J) =m, then 
u,(J) = uf(J) = m. Let b be an clement of J such that u/(J) = u,(b); as u,(a) 5 
c,(a) 5 k+,)+, for any a belonging to J, ut(J) 5 uf(J) 5 kUic,,)+, Let g = (J,,) be a 
filtration on A, then either u~(J,~) < ~foralln~loru,.(J,,)=~forn~O.Inthe 
second case, we have G(( g) = lim,,,, u,(J,,) in = lim,,,, ut(J,,) in = x and in the 
case where uf (J,,) < m for all n, we obtain 
~~(J,~>ln~ v,(J,,)ln~(k,,(,~~+,i(u~(J,) + l)).(uf(J,,) + W 
Then, if the sequence (u,.(J,,)) is stationary, we have u/(g) = lim,,,, uf(J,)/n = 0; 
otherwise, k,c,,3,+, lu,(J,,) + I-+ 1 as n + m and we obtain 
li& u,(J,,)/n 5 !,il ul(J,,)/n ~lim u,-(J)/n , 
so lim,,,, U,(J,,) in = uf( g). 0 
We adapt [ 1, Theorem 5.61 to give the following characterization of the integral 
dependence between filtrations in a C-ring. 
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4.3. Proposition. Let A be a noetherian C-ring and f = (I,,) be a strongly AP 
filtration on A such that I,, E C for n 9 0. Then, for any filtration g on A, g is 
integral over f if and only if G,(g) 2 1. 
Proof. Suppose that g = (I,,) is integral over f = (I,,), that is, each ideal J,,, is 
integral over the filtration f w for any m 2 1. Then, it follows from [3, Proposi- 
tion 3.31 that any x E J,,, satisfies L+,,,(X) = AU,(x) 2 1. Now, uf( g) = lim,,,, 
ul(J,,,) im 2 1. Conversely, suppose that r_Yf(g) 2 1; to show that g = (J,,) is 
integral over f, it is enough to prove that for any m 2 1, the ideal J,,, is integral 
over f (‘n). Let h = (H,,) be the least filtration on A whose first m + 1 terms are 
A, J,, .I?, . , J,,,. Then, the filtrations f and h are strongly AP with h i g and we 
obtain G,(h) 2 G,(g) 2 1. It follows from [l, Theorem 5.61 that h is integral over f 
and in particular the ideal H,,, = J,,, is integral over f (“I), so g is integral over f. 0 
4.4. Corollary. Let A be a Nagata C-ring and f and g two filtrations on A. 
Suppose that f = (I,,) is a strongly A P filtration such that I,, E C for n + 0. Then the 
following statements are equivalent: 
(i) g is integral over f. 
(ii) g is dominated by f. 
(iii) U,(g) 2 1. 
Proof. It is a consequence of Theorem 3.9 and Proposition 4.3. 0 
4.5. Proposition. Let f and g be two filtrations on a Dedekind domain A. Suppose 
that f is strongly AP with rank r 2 1. Then the following statements are equivalent: 
(i) g is integral over f. 
(ii) There exists an integer k 2 1 such that gch’ 5 f (“. 
(iii) g”’ 5 f (‘). 
(iv) g is dominated by f. 
(v) t,gsf. 
(vi) G(( g) 2 1. 
Proof. (i)@(vi) By Proposition 4.3. 
We must show that (i) 3 (iii) + (ii) =$ (iv) 3 (v)+(i). Let f = (I,,) and g = (J,,). 
(i) + (iii) If f = fco,, it is clear. Suppose f Zf;,,,; then for any integer k 2 1, the 
ideal J,, is integral over the filtration f (nr) = (Z;l,),,,,,. So. the ideal I,, is a 
reduction of the ideal I,, + J,, and there exists an integer m 2 1 such that 
(I,, + JXr)“‘+’ = Z,,(Z,r + Jk,)“‘. As the ideal Ikr + Jk,. # (0), I,,. + J,, can be can- 
celled and we obtain I,, + J,,. = I,,.; then Jh, c I,,. for all k I> 1 and g”’ 5 fcr). 
(iii) 3 (ii) This is clear. 
(ii) + (iv) As g”’ 5 fch), the filtration gck) is dominated by fck), then it follows 
from Proposition 3.7 that g is dominated by f. 
(iv) 3 (v) By Proposition 3.5, g is integral over f. As (i) 3 (iii), we have 
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(I) sf'r' and it follows from the proof of (iii)+(i) in Proposition 3.7 that 
u,(x) 5 ur(x) + r - 1 for all x E A. If x E J,,,, we have u,(x) 2 r + n and uf(x) 2 
u,(x)-r+l~n+l;soxEZ,+,~Z,,. HenceJ,+,~Z,,forallnml andt,fsf. 
(v)+(i) This follows from Proposition 3.5. 0 
4.6. Remark. In Proposition 4.5, (i) 3 (iii), we have proved that in a Dedekind 
domain ideals are integrally closed. 
4.7. Proposition. Let f and g be nontrivial filtrations on a Dedekind domain such 
that coht( f + g) = 0. Suppose that f is strongly AP. Then g is integral over f if and 
only if the filtrations f and f + g have the same multiplicity. 
Proof. Since f and f + g are nontrivial filtrations on a Dedekind domain, it 
follows from [2, Corollary 2.201 that the multiplicities off and g exist. 
(1) Suppose first that g is integral over f, hence f + g is integral over f. 
Therefore, if r is the rank of the strongly AP filtration f, it follows from 2.3 that 
( f + g)“’ is integral over f (I). Put f(I) = f, and ( f + g)“’ = (J,, ). Hence, each ideal 
I” is a reduction of the ideal .Z,, and we obtain J,, = I” from Remark 4.6, so we 
have ef(A) = ;er(,,(A) = $eC,.+gjC,,(A) = ef+,(A). 
(2) Suppose now that er(A) = ef+g (A) where f is a strongly AP filtration with 
rank r 2 1. We have in particular e+(A) = eCf+K,Crj(A). Put f, = f (r) = (I”) and 
g, = (f + g)“’ = (J,,). To show that f + g is integral over f, it suffices to show that 
g, is integral over f, , that is, the ideal I‘ is a reduction of J, , for all s 2 1. Let 
h = (H,) be the noetherian filtration whose first s + 1 terms are A, J, , J2, . . . , J,. 
As f, is a noetherian filtration, we have f, 5 h 5 g, and alt fi = alt h = alt g, = 1. 
Since er(A) = e/+R (A), f, and g, have the same multiplicity and we have er,(A) = 
eh (A) = e,,(A). To prove that I‘ is a reduction of .ZY , it is enough to prove that h is 
integral over f,. Therefore h and f, are noetherian filtrations, so there exists an 
integer t 2 1 such that h and f, are strongly AP filtrations with rank t, and to prove 
that h is integral over f, , it is enough to show that the ideal I’ is a reduction of ZZ, 
with the relation e,,(A) = e,,(A). For that, it suffices to resolve the following 
general problem: 
If 1, c 1, are nontrivial ideals on a Dedekind domain A which have the same 
multiplicity, then J, = J2. 
Put .Z, = n:=, P:‘l and J, = ns=, Pp’ where P, is a prime ideal of A and ai,Pi 
integers such that (Y, > 0 and p, 2 0 for all i = 1,2, . . , s. Then the prime ideals 
over J, of height 1 are P,, P2, . . . , P, and the prime ideals over J3 give a subset S 
of {P,, P?, . . . , P,}. So, we obtain from [2, Theorem 2.181 that e,,(A) = 
Et=, eJ,A,,, (A,,,) and eJ2(A) = c,,,,s e,,ZA,,(AP). Since J,A, C J,A,, for any P E S, 
we have e J,A,,cA P) 2 eJ2A, (A,) and the equality eJl(A) = e,?(A) implies that 
eJ,AP(A.) = eJ2A, (A,) for any PE S and eJIAF(AP) = 0 if Pg.!?(*). Since A, is a 
principal ideal domain, we have 
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eJIA,,(A,,) = ,fl,m, i l,,,(A,JJ’1A,,) = I,,,(A,JJ,A,,) 
and J,A ,> # A ,>, so we must have S = {P,, P7, . . , P,} and it follows from (*) 
that eJ,A,, (A, ) = eJIAp(A,,) for any i = 1,2, . . . , s. Then the relation 
‘i,‘,>,(AI:)‘= %;A,> (A ,,,) ‘imphes that J,A ,,, = 
domain (see [3, 4181) 
J,A r,, because A ,,, is a principal ideal 
an d as fl = -\r = n’:-, P,, we obtain J,A, = J,A,, for any 
maximal ideal P and 
J, = n J,A,= n J,A,= J2. 0 
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4.8. Lemma. Any strongly AP filtration on a Dedekind domain is a noetherian 
filtration. 
Proof. Let f = (I,,) be a strongly AP filtration with rank r 2 1. We can assume that 
fl#(O). N t S o e pet A the set of all prime ideals of A. Then, for any integer 
y1 2 1, there exists a family of integers (k,,,,) ,,tSpecA z- 0 such that {P E Spec A: 
k,,., # 0} is a finite set and Z,, = fl,,ESpccA P”“-I’. The relations Z,!+, C Z,, and 
I,, = IF satisfied for any n 2 1 imply that k,,, 5 k,,+,,r and knr,r = nk,., for any 
prime ideal P. Then there exists only a finite number of prim:. ideals 
P,, Pz, . . , P, such that each Z,, can be written of the form I,, = nr=, P, I”‘,. 
Now consider the set of integers, z, and a prime ideal, q, in z. We know that z 
is a Nagata domain, so any strongly AP filtration on B is a noetherian filtratiop by 
[3, Proposition 4.91. For any i = 1,2, . . . , s, we consider the filtration f, = (q “““) 
on z. f; is a strongly AP filtration, hence L is a noetherian filtration and there 
exists an integer m, 2 1 such that k,,, +,.r = k,,, ,r + k,,, for all j 2 m,. Put 
m = ni=, m,; so we have k,,,,, = k ,,,. t>, ‘+ k;,,, for ‘any integer j 2 m and the 
filtration f= (I,,) satisfies the relation I,,,+, = Z,,,Z, for j 2 m. This means that f is a 
noetherian filtration by Definition 2.1(.5). 0 
4.9. Proposition. Let f = (I,,) and g = (J,,) be nontrivial filtrations on the Dede- 
kind domain A. Suppose that f and g are strongly AP with rank r 2 1. Then the 
following statements are equivalent: 
(i) f and g are P-equivalent. 
(ii) There exists an integer k 2 1 such that f (" = gch'. 
(iii) I, = J,. 
(iv) C,(g) = U,(f) = 1. 
Furthermore, if coht( f + g) = 0, the above statements are equivalent to 
(v) f, g and f + g have the same multiplicity. 
Proof. (i) e (v) By Proposition 4.7. 
(iii) e (i) e (ii) This follows from Proposition 4.5. 
(iv)+(i) By Proposition 4.3. 
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(i)+(iv)A f’ s 1s Integral over g and g is integral over f, we have Ur( g) 2 1 and 
U,(f) 2 1 by Corollary 4.4. Moreover, we have <j= e from Remark 3.3(2) and 
from Corollary 3.13, and it follows from [l, Proposition 4.5 and Corollary 4.71 
that l~G,(g)G~(f), hence tif(g)=GX(f)=l. 0 
4.10. Remark. In a Dedekind domain, the condition ‘f and g have the same 
multiplicity’ is not sufficient to assert that f and g are P-equivalent as shown in the 
following example. Put A = Z, I = 4;2, J = 6Z, f= f,, g = f,. Then f and g are not 
P-equivalent because V? f fi, however coht( f + g) = 0 and e,.(A) = e,(A) = 2. 
4.11. Theorem. Let f and g be nontrivialjiltrations on a Dedekind domain A such 
that f 5 g. Suppose that f is strongly AP with rank r 2 1. Then the following 
statements are equivalent: 
(i) g is integral over f. 
(ii) g is strongly integral over f. 
(iii) f(I) = g”‘. 
(iv) There exists an integer k 2 1 such that f (k’ = g’“‘. 
(v) g is dominated by f. 
(vi) t,g 5 f 5 g. 
(vii) f und g have the same multiplicity. 
(v,ii) G,(g) = 1. 
Furthermore, if the abol~e properties hold, then g is also strongly AP. 
Proof. (i) e (iii) e (vi) G(V) G (iv) By Proposition 4.5. 
(i)G(vii) By Proposition 4.7 because f + g = g. 
(ii)+(i) This is clear. 
(i) + (ii) We know from Lemma 4.8 that f is a noetherian filtration. Now, as 
(i) + (vi), it results from Remark 3.10(2) that g is strongly integral over f, 
(ii) * (viii) It f o ows from [5, Corollary 3.161 that g is strongly AP because f is 11 
strongly AP and g is strongly integral over f. Then, f and g are P-equivalent 
because (ii) + (i) and uf( g) = 1 results from Proposition 4.9. 
(viii) 3 (i) By P roposition 4.3 because a Dedekind domain is a C-ring where C 
is the set of nonzero ideals of A. 
To complete the proof, we have to show for instance that if f (I) = g”’ and if f is 
strongly AP, then g is strongly AP. This is immediate. 0 
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